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Quantum Channel Capacities

Classical-quantum (cq) channel capacity (Schumacher & Westmoreland,
1997), (Holevo, 1998):

m m
max S(p%) - 2 nsx)
P j=1 j=1
where X are positive semidefinite matrices and

S5(X) == —tr[X log(X)] (Quantum entropy)

Objective is concave in p.
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Classical-quantum (cq) channel capacity (Schumacher & Westmoreland,
1997), (Holevo, 1998):

m m
max S(p%) - 2 nsx)
P j=1 j=1
where X are positive semidefinite matrices and

S5(X) == —tr[X log(X)] (Quantum entropy)

Objective is concave in p.

How can we efficiently compute this quantity?

@ SDP approx. (Fawzi et al., 2019)? But no practical SDP solver for
large-scale problems of this type

o Gradient-descent-type algorithms don’t work well
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Preliminaries

States:
@ Classical: A probability distribution
e Quantum: D density matrix (Hermitian, PSD, unit trace)

Let log(X) = >, log(Ai)viv;" for X = >, Aivivil .

Entropy:
e Classical: H(x) = —>_"; xi log(x;)
e Quantum: S(X) = —tr[Xlog(X)] = H())

Relative entropy:

o Classical: H(x|ly) =7 xilog(xi/yi)
e Quantum: S(X||Y) = tr[X(log(X) — log(Y))]
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Blahut-Arimoto algorithm (Ramakrishnan et al., 2021)

Blahut-Arimoto algorithm first introduced (Blahut, 1972) and (Arimoto,
1972) to solve for classical channel capacities.

Extended to quantum channel capacities in (Nagaoka, 1998), (Li & Cai,
2019), (Ramakrishnan et al., 2021).
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Blahut-Arimoto algorithm (Ramakrishnan et al., 2021)

Blahut-Arimoto algorithm first introduced (Blahut, 1972) and (Arimoto,
1972) to solve for classical channel capacities.

Extended to quantum channel capacities in (Nagaoka, 1998), (Li & Cai,
2019), (Ramakrishnan et al., 2021).
in{x, F = min mi ,F LS .
min (x, F(x)) = min min (x, 7(y)) + LS(x[ly)

£(x) g(x.y)
for some function F : H" — H"” and constant L > 0.

eg. F(p)= Zeje tr[ (Iog Iog(ij >)]

Solves by using alternatlng optimization

y<t = argmin g(x*, y),
y€eD

xK*1 = argmin g(x, y**1).
x€D
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Blahut-Arimoto algorithm (Ramakrishnan et al., 2021)

If F is continuous and satisfies

pS(x|ly) < (x, F(x) = F(y)) < LS(x]ly),

for all x,y € relint D and some p > 0, then

e exp(log(y ) — F(y 1) /L)
trlexp(log(y**1) — F(y*+1)/L)]

and BA converges
@ sublinearly O(1/k); or
o linearly O((1 — p/L)%) if n >0
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Blahut-Arimoto algorithm

Theorem 1 (HSF, 2023)

Consider quantum Blahut-Arimoto with continuous F such that
nS(xlly) < (x, F(x) = F(y)) < L5(x||y),

The quantum Blahut-Arimoto iterates are equivalent to mirror descent
iterates applied to solve

in f
e T

where
e Vf(x) = F(x) and f(x) = (x, F(x)) = (x, Vf(x))
e C =D, kernel function —S, step size t, = 1/,

@ f is L-smooth relative to — 3§,

o f is u-strongly convex relative to —S if u > 0.
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Mirror descent

Consider constrained convex optimization problem

i f(x).
min f(x)

Projected gradient descent can be represented as

1
XKL = arg min (VF(x¥), x) + —||x — x"|3
xXeX 2tk
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Mirror descent

Consider constrained convex optimization problem

i f(x).
min f(x)

Projected gradient descent can be represented as

1
XK1 = arg min (VF(x¥), x) + = ||x — x"|3
xXeX 2tk
Mirror descent replaces Euclidean norm with Bregman divergence
1
Xkt — arg min <Vf(xk),X> + *DLP(XHY)
xeX tk

where
Dy(x]ly) = ¢(x) = (¢(y) + (Ve(y), x = ¥))-
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Mirror descent

Mirror descent w/ X = D, ¢(x) = —5(x), Dy(x|y) = S(x]|y)

Xk+1 = arg min (Vf(Xk),X> + iS(XHy)
xe€D tk

_ exp(log(x*) — t, V£ (xX))
trlexp(log(x*) — ts VF(x¥)]
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Mirror descent

Mirror descent w/ X = D, ¢(x) = —5(x), Dy(x|y) = S(x]|y)

Xk+1 = arg min (Vf(Xk),X> + iS(XHy)
xe€D tk

_ exp(log(x*) — t, V£ (xX))
trlexp(log(x*) — ts VF(x¥)]

Recall Blahut-Arimoto iterate, where y"Jrl = xk

x = arg nD1in <]-"(Xk),x> + LS(XHXk)
_ expllog(x) - F(x)/L)
trlexp(log(x*) — F(x*)/L)]’
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Blahut-Arimoto algorithm

Theorem 1 (HSF, 2023)

Consider quantum Blahut-Arimoto with continuous F such that
nS(xlly) < (x, F(x) = F(y)) < L5(x||y),

The quantum Blahut-Arimoto iterates are equivalent to mirror descent
iterates applied to solve

in f
e T

where
e Vf(x) = F(x) and f(x) = (x, F(x)) = (x, Vf(x))
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Relative smoothness

(Bauschke et al., 2017) and (Lu et al., 2018)
A function f is L-smooth relative to ¢ if for L > 0

(VE(x) = VE(y),x —y) < L(Dy(x]ly) + Dy(y|lx))

A function f is p-strongly convex relative to ¢ if for u > 0

(VF(x) = VE(y), x = y) = i(Dy(xly) + Dy(y [ x))
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Relative smoothness

(Bauschke et al., 2017) and (Lu et al., 2018)
A function f is L-smooth relative to ¢ if for L > 0

(VE(x) = VE(y),x —y) < L(Dy(x]ly) + Dy(y|lx))

A function f is p-strongly convex relative to ¢ if for u > 0

(VF(x) = VE(y), x = y) = i(Dy(xly) + Dy(y [ x))

f(p) = =S (é P1Xj> + 2:; piS(X))

e f is not smooth relative to ||-||3/2 (i.e., gradient not Lipschitz)
e f is 1-smooth relative to —S(-)

He, Kerry (Monash University) Blahut-Arimoto OP23 12/23



Quantum Channel Capacities

(Bauschke et al., 2017) and (Lu et al., 2018)
A function f is L-smooth relative to ¢ if for L > 0

(VE(x) = VE(y),x —y) < L(Dy(x]ly) + Do(y|lx))

A function f is p-strongly convex relative to ¢ if for u > 0

(VE(x) = VE(y),x —y) > w(Dp(x[ly) + Dy(y | x))

Mirror descent w/ t, = 1/L
e Converges sublinearly O(1/k) if f is L-smooth relative to ¢

o Converges linearly O((1 — u/L)¥) if f is also yu-strongly convex
relative to ¢
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Relative smoothness

Sublinear convergence:

MD: 0<(x—y, Vf(x) = Vf(y)) < L(S(x]ly)+ S(y[[x))
BA: 0< (x,Vf(x)—VFf(y))  <LS(x|y)

Linear convergence:

MD:  u(S(x|ly) + S(ylIx))
BA: uS(x]ly)

(x =y, VI(x) = Vf(y))

<
< (%, VI(x) = VF(y))
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Relative smoothness

Sublinear convergence:
MD: 0<(x—y,Vf(x)=Vf(y)) < L(S(x[ly) + S(y[[x))
BA: 0<(x,VF(x)=VF(y) < LS(x|ly)

Linear convergence:

MD: u(S(xlly) + S(y[Ix)) < (x =y, VF(x) = VF(y))
BA: uS(x|y) < (x,VFf(x) = Vf(y))

If f(x) = (x,Vf(x)), then

(x,Vf(x)— Vif(y
(x,Vf(x)—Vi(y

TV
Conditions for BA convergence

) <LS(x|ly) <= fis L-smooth rel. to —S
) > uS(x||ly) <= fis pu-strong convex rel. to —S

/

~— —

~
Conditions for MD convergence
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Blahut-Arimoto algorithm

Theorem 1 (HSF, 2023)

Consider quantum Blahut-Arimoto with continuous F such that
nS(xlly) < (x, F(x) = F(y)) < L5(x||y),

The quantum Blahut-Arimoto iterates are equivalent to mirror descent
iterates applied to solve

in f
e T

where
e Vf(x) = F(x) and f(x) = (x, F(x)) = (x, Vf(x))
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Constrained Channel Capacities

Constrained classical-quantum (cq) channel capacity:

max S (Z Pjpj> DI
j=1 Jj=1

subj.to  Ap < b,
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Constrained Channel Capacities

Constrained classical-quantum (cq) channel capacity:

max S (Z Pjpj> DI
j=1 Jj=1

subj.to  Ap < b,

Blahut-Arimoto algorithms cannot elegantly handle these constraints

_ 1
pktt = arg min <Vf(pk),p>+*H(PHPk)
pEA Lk

subj.to  Ap < b,
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Primal-dual hybrid gradient

Solve saddle point problem

inf sup  L(x,z) = f(x) + (z, Ax — b).
xeCzez
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Primal-dual hybrid gradient

Solve saddle point problem

inf sup  L(x,z) = f(x) + (z, Ax — b).
xeCzez

Using primal-dual hybrid gradient

Zk+1 _ Zk + Ok(Zk _ Zk—l)

1
XK1 = arg min{(Vf(x) + Affk+1,X> + D@(X”Xk)}
xeC Tk
1
471 — argmin{ (2,441 — b) + Lz - 243
zeZ 27!‘

@ Ergodic sublinear convergence if f is L-smooth relative to .

@ Several variations using Bregman divergences e.g., (Chambolle &
Pock, 2016), (Jiang & Vandenberghe, 2022)
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Constrained Channel Capacities

— Constrained (4 constr.) ||
--=--Unconstrained

107!

Optimality gap

o | |

| |
0 200 400 600 800 1,000

Iteration k

Figure: Classical-quantum channel capacity over p € R32.
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Other applications: Relative entropy of entanglement

All states

*Entangled states = not separable

(Approximate) relative entropy of entanglement of p € D:

i S
g Sl

where for linear operator (-)78

PPT={pecD:p'® >0},

He, Kerry (Monash University) Blahut-Arimoto OP23 20/23



Other applications: Relative entropy of entanglement

(Approximate) relative entropy of entanglement of p € D:

i S
e SUlo)

S(-|I-) is jointly convex in both arguments.
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Other applications: Relative entropy of entanglement

(Approximate) relative entropy of entanglement of p € D:

[ S
e SUlo)

S(-|I-) is jointly convex in both arguments.

Quantum Blahut-Arimoto framework cannot be applied to this problem
@ Objective function does not satisfy f(x) = (x, Vf(x))

@ Objective function is not smooth relative to —$

But is Amax(p)-smooth and Anin(p)-strongly convex relative to
— log(det(-)).
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Other applications: Relative entropy of entanglement

107!
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Figure: Relative entropy of entanglement over p € H?.
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Conclusion

Summary:
@ Blahut-Arimoto algorithms are a specific case of mirror descent and
relative smoothness analysis
@ Can extend to other applications by using different kernel functions
and algorithmic variations of mirror descent

Outlook:
@ What other problems in information theory can we extend to?

@ Solve general quantum relative entropy programs using similar ideas?

Watch arXiv for incoming preprint!
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